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Abstract. We present a robust method of image points sampling used
in ransa c for a classof omnidirectional cameras(view angle above 180±)
possessingcentral projection to obtain simultaneous estimation of a cam-
era model and epipolar geometry. We focuson problem arising in ransa c
basedestimation technique for omnidirectional imageswhen the most of
correspondencesare established near the center of view ¯eld. Such corre-
spondencessatisfy the camera model for almost any degreeof an image
non-linearit y. They are often selected in ransa c as inliers, estimation
stops prematurely, the most informativ e points near the border of the
view ¯eld are not used, and incorrect camera model is estimated. We
show that a remedy to this problem is achieved by not using points
near the center of the view ¯eld circle for camera model estimation and
controlling the points sampling in ransa c. The camera calibration is
done from image correspondencesonly, without any calibration objects
or any assumption about the sceneexcept for rigidit y. We demonstrate
our method in real experiments with high qualit y but cheap and widely
available Nikon FC{E8 ¯sh-eye lens.

1 In tro duction

Recently 1, high quality, but cheapand widely available, lenses,e.g.Nikon FC{E8
or Sigma 8mm-f4-EX ¯sh-eye converters, and curved mirrors, e.g. [1], providing
the view angle above 180± have appeared. Cameras with so large view angle,
called omnidirectional cameras,are especially appropriate in applications, (e.g.
surveillance,tracking, structure from motion, navigation, etc.) wheremorestable
ego-motion estimation is required. Using such cameras in a stereo pair calls
for searching of correspondences,camera model calibration, epipolar geometry
estimation, and 3D reconstruction all that to bedoneanalogically asfor standard
directional cameras[2].

In this work we show, seeFig.1, how the points should be sampled by a
ransa c estimation technique to obtain an unbiasedsimultaneousestimateof the
1 This research was supported by the following projects: CTU 0209513, GA ·CR

102/01/0971, MSM 212300013,M ·SMT KONTAKT 22-2003-04,BeNoGo IST{2001{
39184.



(a) (b) (c)
Fig. 1. Inliers detection. 1280£ 1024 images were acquired by Nikon FC{E8 ¯sh-eye
converter. Correspondenceswere obtained by [11]. (a) Wrong model. All points were
used in model estimation by ransa c. The model, however, suits only to the points
near the center of the view ¯eld circle and other points were marked as outliers. (b)
Correct model. Only points near the boundary of the view ¯eld circle were used for
computing of the model. The model suits to points near the center as well as to points
near the boundary. (c) Image zonesused for points sampling in ransa c for computing
the correct model.

cameramodel and epipolar geometry for omnidirectional cameraswith lensesas
well for mirrors providing view angle above 180± and possessingcentral projec-
tion. We assumethat point correspondences,information about the view ¯eld
of the lens, and its corresponding view angle are available.

Previous work on the estimation of camera model with lens distortion in-
cludes methods that use some knowledge about the observed scene,e.g. cali-
bration patterns [3,4] and plumb line methods [5{7], or calibrate camerasfrom
point correspondencesonly, e.g. [8{10].

Fitzgibb on [8] dealt with the problem of lens nonlinearity estimation in the
context of cameraself-calibration and structure from motion. His method, how-
ever, cannot be directly usedfor omnidirectional cameraswith view angleabove
180± becauseit represents imagesby points in which rays of a cameraintersectan
imageplane.Weextendedin [12] the method [8] for omnidirectional cameras,de-
rived appropriate omnidirectional cameramodel incorporating lensnonlinearity,
and suggestedan algorithm for estimation of the model from epipolar geometry.

The structure of the paper is the following. The omnidirectional camera
model and its simultaneous estimation with epipolar geometry is reviewed in
Section 2. The robust bucketing technique basedon ransa c for outliers detec-
tion is intro ducedin Section3. Experiments and summary aregiven in Sections4
and 5.

2 Omnidirectional camera mo del

For cameraswith view angle above 180±, seeFig.2, imagesof all scenepoints X
cannot be represented by intersectionsof camerarays with a single imageplane.
For that reason,we will represent rays of the image as a set of unit vectors in
R3 such that one vector corresponds just to one image of a scenepoint.
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Fig. 2. (a) Nikon FC{E8 ¯sh-eye converter. (b) The lens possessescentral projection,
thus all rays emanate from its optical center, which is shown as a dot. (c) Notice, that
the image taken by the lens to the planar sensor¼ can be represented by intersecting
camera rays with a spherical retina ½. (d) The diagram of the construction of mapping
f from the sensorplane ¼ to the spherical retina ½. The point (u; v; 1)> in the image
plane ¼ is transformed by f (:) to (u; v; w)> and then normalized to unit length, and
thus projected on the sphere ½.

Let us assumethat u = (u; v)> are coordinates of a point in an image with
the origin of the coordinate systemin the center of the view ¯eld circle (u0; v0)> .
Remember, that it is not always the center of the image. Let us further assume
that a nonlinear function g, which assigns2D image coordinates to 3D vectors,
can be expressedas

g(u) = g(u; v) = (u v f (u; v)) > ; (1)

wheref (u) is rotationally symmetric function w.r.t. the point (u0; v0)> . Function
f can have various forms determined by lens or mirror construction [4,13]. For
Nikon FC{E8 ¯sh-eye lens we usethe division model [12]

µ =
ar

1 + br2 ; r =
a ¡

p
a2 ¡ 4bµ2

2bµ
; (2)

whereµ is the anglebetweena ray and the optical axis, and r =
p

u2 + v2 is the
radius of a point in the image plane w.r.t. (u0; v0)> , and a, b are parametersof
the model. Using f (u) = r

tan µ , seeFig.2, 3D vector p with unit length can be
expressedup to scaleas
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The equation (3) captures the relationship between the image point u and the
3D vector p emanating from the optical center towards a scenepoint.

2.1 Mo del estimation from epip olar geometry

Function f (u; a;b) in (3) is a two parametric non-linear function, which can be
expandedto Taylor serieswith respect to a and b in a0 and b0, see[12] for more
details. The vector p can be then written, using (3), as

p '
·µ

u
f (:) ¡ a0 f a (:) ¡ b0 f b(:)

¶
+ a

µ
0

f a (:)

¶
+ b

µ
0
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¶¸
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where x, s, and t are known vectors computed from image coordinates, a and b
are unknown parameters,and f a , f b are partial derivativesof f (:) w.r.t. a and b.
The epipolar constraint for vectors p0 in the left and p in the right image that
correspond to the samescenepoint readsas

p0> Fp = 0

(x0+ as0+ bt 0)> F(x + as + bt ) = 0

After arranging of unknown parameters into the vector h we obtain

(D1 + aD2 + a2D3)h = 0; (4)

where matrices Di are known [12] and vector h is

h = [ f 1 f 2 f 3 f 4 f 5 f 6 f 7 f 8 f 9 bf3 bf6 bf7 bf8 bf9 b2 f 9 ]>

with f i being elements of the fundamental matrix. Equation (4) represents
Quadratic Eigenvalue Problem (QEP ) [14,15], which can be solved by Ma t-
lab using the function polyeig . Parameters a, b, and matrix F can be thus
computed simultaneously.

We recover parameters of model (3), and thus anglesbetween rays and the
optical axis, which is equivalent to recovering an essential matrix, and therefore
calibrated camera.We usedangular error, i.e. angle betweena ray and its corre-
sponding epipolar plane [16], to measurethe quality of the estimate of epipolar
geometry.

Knowing that the ¯eld of view is circular, the view angle equals µm , the
radius of the view ¯eld circle equalsR, and from (2), parameter a can be then

expressedas a = (1+ bR2 )µm

R . Thus (3) can be linearized to a one parametric
model, and a 9-points ransa c as a pre-test to detect most of outliers can be
used like in [8]. To obtain better estimate, two parametric model with a priori
knowledgea0 = µm

R ; b0 = 0, can be usedin the 15-points ransa c estimation.

3 Using bucketing in RANSA C

There are outliers and noisein correspondences,and therefore we needto usea
robust estimation technique, e.g. ransa c [2], for model estimation and outliers
detection. We proposea strategy for point sampling, similar to bucketing [17],
in order to obtain a good estimate in a reasonabletime.

As it wasdescribedbefore,anglebetweena ray and its corresponding epipolar
plane is usedas the criterion of the estimation quality, call it the angular error.
Ideally it should be zero but we admit some tolerance in real situations. The
tolerance in the angular error propagates into the tolerance in camera model
parameters, see Fig.3. The region, in which lie models that satisfy a certain
tolerance is narrowing with increasing the radius of points in the image, see
Fig.3b. Sincef (0) = 1

a [12], the points near the center (u0; v0)> will a®ectonly
parameter a. There is a large tolerance in parameter a becausethe tolerance



0 0.1 0.2 0.3 0.4 0.5
0

0.5

1

1.5

1 

2 PSfrag replacemen ts

µ[
ra

d]

radius[p xl/1000]
0 0.1 0.2 0.3 0.4 0.5

-0.2

0

0.2

0.4

0.6

Dq

1 

2 

PSfrag replacemen ts

f

¢µ

radius[p xl/1000]
0 0.1 0.2 0.3 0.4 0.5

-0.2

0

0.2

1 

2 
PSfrag replacemen ts

sds

¢µ
[r

ad
]

radius[p xl/1000]

(a) (b) (c)
Fig. 3. Model ¯tting with a tolerance ¢µ . (a) The graph µ = f (r ) for ground truth
data (black thick curve) and two models satisfying the tolerance (red and blue curves).
Parameters a and b can vary for models satisfying the tolerance. (b) The area between
dashedcurvesis determined by the error. In this area,all modelssatisfying the tolerance
must lie. (c) The angular error for both models with respect to the ground truth.

region near the center (u0; v0)> is large. If the majorit y of points is near the
center, ransa c ¯nds the model with high number of inliers there and stops
prematurely, seeFig.1a, becauseransa c is stopped if the probabilit y of ¯nding
more inliers [2] drops below a de¯ned threshold, usually 5%. On the other hand,
there may exist model with more inliers that suit to the points near the center
as well as to the points near to the boundary of the view ¯eld circle, seeFig.1b.

In [18] the division model (2) is ¯tted to the ground truth data, compared
with other commonly used models, and it is analyzed how many points are
neededand where they should be located in the image to ¯t the model from a
minimum subsetof points with a su±cient accuracy. As it is shown there, points
near the center (u0; v0)> have no special contribution to the ¯nal model ¯tting
and the most informativ e points lie near the boundary of the view ¯eld circle.

Therefore, to obtain the correct model, it is necessaryto excludepoints near
the center (u0; v0)> a priori from the ransa c sampling. The rest of the image,
as Fig.1c shows, is split into three zoneswith equal areasfrom which the same
number of points are randomly chosen by ransa c. This helps to avoid the
degeneratecon¯gurations, strongly biasedestimates,and it decreasesthe number
of ransa c iterations.

As it was mentioned before, our model can be reduced to a one-parametric
model using a = (1+ bR2 )µm

R , where R is radius2 corresponding to the maximum
view angle µm

3. A priori known values R and µm ¯x all models with various
b to the point [R µm ], see[18] for more details. The resulting model has only
one degree of freedom and thus smaller possibility to ¯t outliers. Using the
approximate knowledgeof a reducesthe minimal set to be sampledby ransa c
from 15 to 9 correspondencesand makessampling faster. It is natural to usethe
9-points ransa c as a pre-test that excludesmost disturbing outliers before the
full, and more accurate, 15-points ransa c is applied.

2 R can be obtained by ¯tting circle to the view ¯eld boundary in the image.
3 It is provided by from lens manufacturer.



(a) (b) (c)
Fig. 4. Using of the proposedmethod for outliers detection in omnidirectional images.
(a) Tentativ e correspondecesbetween a pair of the omnidirectional images found by
technique [11]. Circles mark points in the ¯rst image, lines join them to their matchesin
the next one. (b) Detected inliers. (c) A detail view of an object with repetitiv e texture.
Top: input tentativ e correspondences.Bottom: inliers detected by our method.

4 Exp erimen ts

In this section,the proposedmethod is applied to real data. First, it is shown how
the method succeedsin outliers detection, seeFig.4. Tentativ e correspondences
were subjected to the 9-points followed by the 15-points ransa c in order to
detect inliers. It is di±cult for matching algorithms that do not use the correct
omnidirectional camera model and epipolar geometry to ¯nd correct matches
between images,especially in imageswith repetitiv e texture, as Fig.4c shows.
As a remedy to this problem the proposedmethod can be used, cameramodel
parameters,epipolar geometry and outliers can be obtained.

Next experiments show cameramodels parametersand camerastra jectories
(up to magnitudesof translation vectors) estimation, i.e. structure from motion.
Relative camera rotations and directions of translations used for tra jectories
estimations werecomputed from essential matrices [2]. For obtaining the magni-
tudes of the translation vectorswe would needto reconstruct the observed scene.
It was not the task of this paper. Instead, we assumedunit length of translation
vectors. Correspondenceswere obtained by the commercial program boujou [19]
in this experiment.

The ¯rst \structure from motion" experiment shows a rotating omnidirec-
tional camera,seeFig.5. The camerawas mounted on a turn table such that the
tra jectory of its optical center was circular. Imageswere acquired every 10±, 36
images in total. First, one ¹a and one ¹b were estimated as the median of all a,
b's computed for every consecutive pair of images in the whole sequence.The
9-points ransa c as a pre-test to detect most of outliers and then the 15-points
ransa c were performed to compute parametersa, b for every pair. Matrices F
werethen computed for each pair using the same¹a, ¹b. Fig.5 shows the tra jectory
computed from the estimated essential matrices.



Fig. 5. Left: Nikon FC{E8 ¯sh-eye converter mounted on the Pulnix TM1001 digital
camera with resolution 1017£ 1008 pixels is rotated along a circle. Experiment with
courtesy of J.·Sivic. Middle: Correspondencesbetween two consecutive images. Circles
mark points in ¯rst image, lines join them to the matches in the next one. The images
are superimposed in red and green channel. Right: Estimated tra jectory.

(a) (b) (c)
Fig. 6. (a) Side motion of the camera. On the top real setup is shown. On the bottom
estimated tra jectory is depicted. (b) Real setup of general motion experiment. (c) The
estimated tra jectory with parallel starting and ending direction.

The next experiment calibrates the omnidirectional camera from its trans-
lation in the direction perpendicular to its optical axis, seeFig.6a. The average
angular di®erencesbetweenestimated and true motion directions for every pair
is 0:4±.

The last experiment shows the calibration from a generalmotion in a plane.
Fig.6b shows a mobile trip od with a camera. Fig.6c shows an estimated U-
shaped tra jectory with right angles.Discontinuities of the tra jectory are caused
by hand driven motion of the mobile trip od. Naturally it has no e®ecton the
¯nal estimate and the ¯nal tra jectory has really right angles.

5 Conclusion

The paper presented robust simultaneousestimation of the omnidirectional cam-
eramodel and epipolar geometry. As the main contribution, the paper showshow
the points should be sampledin ransa c to avoid degeneratecon¯gurations and
biasedestimates. It was shown that the points near the center of the view ¯eld
circle can be discardedand the ¯nal model computed only from points near the
boundary of the view ¯eld circle. The suggestedtechnique allows to incorpo-
rate an omnidirectional camera model into a 9-points ransa c followed by the



15-points ransa c for camera model, essential matrix estimation, and outliers
detection.

Real experiments suggestthat our method is useful for structure from motion
with su±cient accuracyas a starting point for bundle adjustment.
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