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Abstract
2D imagealignmentmethodsareappliedsuccessfully

for mosaicingaerial images,but fail when the camera
movesin a 3D scene.Suchmethodscannot handle3D
parallax,resultingin distortedmosaicing. Generalego-
motionmethodsareslow, anddo not have therobustness
of 2D alignmentmethods.

Weproposeto usethex-y-tspace-timevolumeasatool
for depthinvariantmosaicing.Whenthecameramoveson
a straightline in the � direction,a y-t slice of thespace-
time volume is a panoramicmosaic,while a x-t slice is
an EPI plane. Time warping, which is a resamplingof
the t axis, is usedto form straight featurelines in the
EPI planes. This processwill simultaneouslygive best
panoramicmosaicin they-t slices.

This approachis as robust as2D alignmentmethods,
while giving depthinvariantmotion(“ego motion”). Ex-
tensionsfor two dimensionalcameramotion on a plane
are also described,with applicationsfor 2D mosaicing,
andfor imagebasedrenderingsuchas“light �eld”.

1 Intr oduction
Mosaicing from translatingcamerascan be usedfor

many purposes,suchas panoramicviews from driving
carsin andout of the city, inspectionof long structures
with a moving camera,etc. However, mosaicingis com-
monly usedonly for aerial photography, and is rarely
usedwhen the camerais translatingin a 3D scene. In
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aerialphotographythecamerais farfromthescene,which
couldthereforebeconsidered�at. In mostotherapplica-
tions the cameramoves inside a 3D scene,and2D im-
agealignmentis inadequate,resultingin substantialdis-
tortionsdueto depthparallax.

A commonsolutionfor the dif�culty to computemo-
tion with depthvariationsis to mechanicallycontrol the
cameramotion, or to measureit with external devices
suchasa GPS[9, 12]. This solutionsimpli�es the mo-
saicingprocess,but restrictstheuseof mosaicingto fewer
applications.A systembasedon imageanalysiswithout
externaldeviceswill haveby farmoreapplicationsandat
a reducedcost.

Weproposeto usethespace-timex-y-tvolumefor both
motioncomputationandfor mosaicing.A mosaicis a y-t
slicein thisvolume,andtheEPIplaneis ax-t slice.When
a cameratranslatesin a constantvelocity, imagefeatures
arelocatedon straightlines in theEPI planes.Whenthe
cameramotion variesbetweenframes,the EPI lines are
not straightany longer. Time warpingthatstraightensthe
EPI linesgivesa depthinvariantmotioncomputation.

Comparedto othermoregeneralapproachesfor com-
puting cameramotion [3, 5, 7], themain strengthof our
approachis its simplicity andits elegantgeometricalin-
tuition. Thespace-timeapproachis alsoextendedto han-
dle camerarotations,andfor camerasmoving in a plane
with two degreesof freedom. Setupsdescribingcamera
motionswhich areapplicableto this work areshown in
Fig. 1. Two dimensionalcameramotioncanalsobeused
for imagebasedrendering[10, 4].
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Figure1: Examplefor casesyielding 1D and2D motions.
(a) 1D motion- Thecameramovesalonga straightline.
(b) 1.5D motion - Like (a), with vertical jumps. This kind of
motionis commonfor sequencestakenby a translatingcar.
(c) 2D motion - Traditional light ®eld capturingdevice. The
cameracanmove to arbitrarylocationsalongtheu-v table.
(d) 2D motion- Cameramoveson a surfaceof a sphere.When
tilting is forbidden,the cameramoveson a cylindrical surface
andthemotionis 1D.

1.1 EPI Analysis

Thespace-timevolume(or theepipolarvolume) is con-
structedby stackingall input imagesinto asinglevolume.
It was �rst introducedby Bolles et. al. [2] who found
out thatwhena cameramovesin a constantvelocity, x-t
slicesof the x-y-t volume(EPI) consistof straightlines.
They usedthis observationto extract3D informationfor
the EPI images. Later papersusethe samerepresenta-
tion, but presentmorerobustdepthestimationsandbetter
handlingof occlusions[11, 8]. In [17], the orientations
of lines in theEPI planeareusedfor many applications:
mosaicing,modeling,andvisualnavigation.A recentap-
plication of slicing the EPI volumeto simulatea virtual
walk-throughwaspresentedin [18].

TheEPIrepresentationismostnaturalwhenthecamera
translationis parallelto theimageplane,andis perpendic-
ular to theviewing direction.TheEPI representationcan

alsobeusedwhentheviewing directionis notperpendic-
ular to thedirectionof translationafterimagerecti�cation
[6]. A possiblerecti�cation for thecaseof forwardcam-
eramotionwasdescribedin [13].

1.2 Time Warping: From Time To Location

Whenthe camera's velocity andthe samplingrateare
constant,the time of framecaptureis proportionalto the
locationof thecameraalongthecamerapath.In thiscase,
the imagefeaturesarearrangedin the EPI plane(an x-t
slice of the x-y-t volume)along straightlines, sincethe
projectionsof each3D pointareonly alongastraightline
in this plane. Eachline representsa differentimagefea-
turecorrespondingto apoint in the3D world, andtheori-
entationof this line is inverselyproportionalto thedepth
of that point. Pointsat in�nity , for example,will create
straightlines parallel to the � axis, sincetheir projection
into theimageis constant,anddoesnotchangewith cam-
era translation. Closerpointsmove fasterin the image,
and the line representingthem will have a small angle
with the � axis.

Whenthe velocity or the samplingrateof the camera
varies,thetimeof framecaptureis no longerproportional
to thecameralocation.In thiscasetheimagefeaturesare
no longerarrangedonstraightlinesin theEPIplane.

Thelinesin theEPIplanecanbestraightenedby “Time
Warping”. In time warpingthe imagelocationalongthe
time axisis replacedwith thecamera's locationalongthe

� axis. Whenthe cameralocationsalongthe � axis are
unknown, any time warpingthatwill make theEPI lines
straightmusthave time spacingwhich is proportionalto
thecameralocationsalongthe � axis.

2 GeometricalAnalysis
Givenasetof imageswhoseopticalcentersresideona

plane,all imagescanberepresentedasa setof rays[10,
4]. Eachray canbe determinedby its intersectionwith
two planes. Commonly, one planeis the cameraplane
u-v, andthesecondplaneis theimageplanes-t.

A perspective imageis a setof rayswhich intersectthe
cameraplanein a singlepoint. Whentheoptical axisof
the camerais perpendicularto the cameraplane(i.e - a
frontal view), the cameraplaneis expressedby the 3D
coordinates: ���������
	�� , and the imageplaneis expressed
by the3D coordinates:��
���������� . Eachimagecanbecon-
sideredasa samplingof a 2D slice in thecontinuous4D



function � � � �
� ��
������ .
In our notationeachimagehasits own x-y coordinate

system,andthe4D volumeis representedby x-y-u-v. Us-
ing the imagecoordinatesystemis a naturalgeneraliza-
tion of thespace-timevolumex-y-t. Also, in local image
coordinatesthe slopesof the epipolarlines areinversely
proportionalto thedepth.This is equivalentto the light-
�eld notationswith thes-t planeat in�nity .

2.1 GeometricalAnalysisof the Light Field Space
Let ��� bethe ����� frame,andlet � �	� ���
� � beits optical

center. The 3D point �
� ��� ��� ��� � is projectedto its
imagecoordinates:
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Without lossof generality, ���	������� ��� � 	 �
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From Eq. 2 it can be shown that the projectionsof the
point � onto theseimagesresideon a planein the 4D
light �eld space.Theparameterizedrepresentationof this
planeis givenby:
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The slopeof this planeis identicalin both the � andthe
� directionsasboth aredeterminedby �-,�� , andonly a
singleslopeparameteris neededto describetheplane.

Taking an x-u (y-v) slice of the 4D spacewill pro-
ducean EPI imagewhich is constructedfrom the rows
(columns)of the imagestaken undera translationalong
the � axis ( � axis). This is a reductionto the traditional
representationof theepipolarplaneimage.

We will describethe useof this 4D representationto
recover the 2D motion of a cameramoving in a plane.
This is doneby “shifting” theestimated����� coordinates
of eachframesothat theimagefeatureswill bearranged
in the4D volumex-y-u-valong2D planes.Whenthisgoal
is achievedafterwarpingthe � and � axes,theestimated

����� coordinatesof theframesbecomeproportionalto the
2D locationsof theoptical centersof thecamera.In the
caseof 1D motionthis is called“TimeWarping”.

2.2 Spherical CameraMotion
When a sequenceis taken by a handheld cameraor

usinga tripod, thecamera's translationcanbebetteresti-
matedby asphericalsurface.

In this case,thecameratranslatesandrotatessimulta-
neously. Sincetherotationis proportionalto the transla-
tion in all directions,we canachieve an adequatemodel
by treatingthemotionidentically to thecaseof a camera
translatingonaplane,with thetwo unknowns � and � . In
this case,however, theslopesof theEPI featurelines(or
planes)are a combinationof the translationcomponent
(which is depthdependent)andtherotationalcomponent
(which is depthindependent).In the extremecaseof a
purely rotatingcamera( ./� 	 ), theslopesof thefeature
linesaredepthindependent,sothereis noparallax.

Whenthecameracanrotateaboutthe 0 axis,e.g.when
thecamerais hand-held,a rotationalcomponent1 canbe
addedasa third unknown.

3 The Alignment Scheme
The alignmentprocessusesboth motion parameters

and shapeparameters.The motion parametersare the
translationandrotationof thecamera,whichvaryfor each
frame. The shapeparametersare the slopesof the lines
in theEPI planefor a cameratranslatingalonga straight
line, or theslopesof theplanesin thelight �eld spacefor
a cameratranslatingin a plane. The slopesof the lines
andtheplanesin theEPI domainarerelatedto thedepth
of thecorresponding3D points,andthusthey areconstant
for eachscenepointat all frames.

To computethe locationsof the optical centerssuch
that image featureswill resideon straight lines (or on
planes)we usedthe following scheme,alternatingbe-
tweenestimationof shapeandestimationof motion:

1. Choosea frame � , andinitial from it a set 23�546�87 .
Assumethat theshapeparameterscorrespondingto
this imagearespatiallyuniform.

2. Compute motion parameters(translation compo-
nentsandoptionally rotationcomponents)by align-
ing a new imageto theexistingset 2 .

3. Add theregisteredframeto set 2 .

4. Estimatethe shapeparameters(the slopesof EPI
linesor theslopeof EPIplanes)for 2 .
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Figure2: Time warping: Whenthescenehasdepthvariations
thereisonlyasingleplacement��� of thenew frame��� for which
theEPI linesremainstraight.This displacementis independent
in theslopesof thelines,andthusit is depthinvariant.

5. Returnto 2. Repeatuntil reachingthe last frameof
thesequence.

Fig.2 demonstratethisschemefor thecaseof acamera
translatingalongastraightline. Theprocessbeginsby es-
timating themotionparametersbetweena pair of frames
undertheassumptionof uniformdepth.Thisis equivalent
to theregular2D parametricregistration.

4 Adding a newFrame to the Panorama
4.1 Estimating the ShapeParameters

Estimatingthe shapeparametersshouldonly be done
for a subsetof imagepoints, as they are usedto com-
pute only a few motion parameters. The processcan
be formulatedin the following way: Let � be the in-
dex of theframefor which we estimatetheshapeandlet
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� � bethetranslationof theoptical

centerof thecamerabetweenthe �
��� andthe �

��� frames.
Following [7], The shapeparameter
 ��
�� � �

�

��� � in
theimagepoint � � �

�

� minimizesthefollowingerrorfunc-
tion:
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Where
!

� is the gradientof the image �
	 in the point

� � �

�

� , and % is a smallwindow around� � �

�

� . (We used
a 5x5 window). Theminimumof this quadraticequation

is obtainedby:
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Theweights

�

�

�

determinethein�uence of eachframe
on the shapeestimation. Most of the weightsareset to
zero,exceptfor frameswhichareclosein timeor in space
(� veclosestframesin currentimplementation).

For each window in ��	 , the computationdescribed
above is repeatediteratively until convergence,wherein
eachiteration,therelevantregionsin all theframes 4 � ��7

with
�

�

�+*

� 	 arewarpedback towards �,	 accordingto
�

�-� 	 andthecurrentestimateof 
 .
As wedonotneedto estimatetheshapeparametersfor

every pixel, we rejectpointsfor which theshapecompu-
tationmaybewrongusingthefollowing criteria:

1. We donot usepointswith a smallgradientin thedi-
rectionof motion. Thethresholdis selectedaccord-
ing to thedesirednumberof pointsto use.

2. We do not usepoints for which the iterative shape
computationalgorithmfails to converge.

4.2 Depth Invariant Alignment
Thealignmentconceptis demonstratedin Fig. 2. The

motion parametersshouldalign an input imagewith the
line or planeformedby imagefeaturesin the preceding
frames.Weuseaslightmodi�cation of theLucas-Kanade
direct .0/ alignmentasdescribedin [1].

Assumethat all the images ���21,1)1 �)	�354 have already
beenalignedandlet the � ��� framebethenew framebeing
aligned.We alsoknow of theshapeparameters
 � � �

�

� � �

for �768� . To computethemotionparametersof thenew
frame,we minimize the error function: (Sometimesthe
term �

�

is usedto denotethedifferencebetweenimages).
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wherethedisplacement: �=< of eachpoint is givenby:
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Note the useof the derivatives @,ACB
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which are
estimatedfrom �

� ratherthenfrom �
	 , sincewe haven't



computed
�� � �

�

��� � yet, andthereforewe mustalign ��	

to therestof theimages.
Thecoef�cients
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>

�

arealsousedto weight theimpor-
tanceof eachframein thealignment.Forexample,frames
which are far off, or contain fewer information should
probablyreceive smallerweights.For eachimagewhose
location � � , � � is unknown we set

�

>

�

� 	 .
Currentlywe align a new frameusingabout3 preced-

ing frames.Whenthecamerais translatingonaplanewe
useseveraladditionalframeswhich arenot neighborsin
time but whoseoptical centersareclose. In this way we
reducethedrift in themotioncomputations.

4.2.1 Handling rotations

When the cameracan also rotate, imagedisplacements
area combinationof the translationalcomponent,which
is depthdependent,andthe rotationalcomponentwhich
is depthindependent.Assumingsmall camerarotations
andusingtheapproximation��� 
���1 ���

*

and 
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� ��1 ��� 1

thefollowing motionmodelis obtained:
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�

and
	

denotethesmallpanandtilt which induceanap-
proximatelyuniform displacementin the image. 1 de-
notessmall camerarotationaboutthe 0 axis. For larger
rotations,or whenthefocal lengthis small,full recti�ca-
tion canbeused.

UsingEq.8 with theerrorfunctionin Eq.6, andsetting
to zerothederivative with respectto themotionparame-
ters(thecamerashift � �
� andthe rotationalcomponents

1 �

�

�

	

), gives� ve linearequationswith � veunknowns.
If the camerais restrictedto translatealonga straight

line (without loss of generalitythis line is horizontal),
then �
� � �0	 � 	 , andwe areleft with fewer unknowns
- oneunknown for a purely translatingcamera,andfour
unknownsfor acameratranslationandrotating.

5 Mosaicing a Panorama
A panoramicimageis a t-y slice in the epipolarvol-

ume(
*

/ cameramotion) or a u-v slice in the 
 / light
�eld space( .0/ cameramotion).Sincethesamplesof the
epipolarvolume along the time axis, or the samplesof
the light �eld spacealongthe ����� axes,arevery sparse,
interpolationin usedto createacontinuouspanorama.
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Figure3: Toproduceaseamlessmosaic,stripsshouldbescaled
accordingto scenedepth. Thewidth of thestrip in themosaic
imageis a function of the cameramotion. Relative to image
motion, imagestripsof nearbyobjectsshouldbe wider, while
imagestripsof faraway objectsshouldbenarrower. Depthesti-
matecanvaryalongthestrip.

The basicconceptof mosaicingwith strips suggests
thateachpixel of themosaicwill betakenfrom thenear-
estframein thesequence.Whenthecamerais translating
alonga straightline, this implies theuseof verticalstrip
from eachimage,whosewidth is proportionalto thecur-
rent motion [13]. In the more generalcase,the mosaic
panoramais generatedfrom a collectionof patches[14].
Thesepatchesare determinedby the Voronoi diagram,
createdfrom the setof all cameracenters.An example
of sucha diagramis shown in Fig. 8(c).

Using the ego-motionof the camera,a possiblemo-
saicing approachis to synthesizea parallel (or pushb-
room) projectionfrom the given input images[15, 16].
Practically, wheninput imagesaredense,thisprocesscan
beapproximatedby thetraditionalmosaicingframework
of warpingandpastingstripswith simpleimagescaling.
This is demonstratedin Fig. 3 for the

*

/ case- theshape
of eachimagestrip is determinedby thedepthestimation
at thestrip. Theimagestripsarewarpedto �t themosaic
stripsdeterminedby theego-motionof thecamera.

Thescaleis determinedin asimilarmannerto theslope
estimationdescribedin Eqs.4-5 with two exemptions:

� Wedonotestimatetheslopeateachpoint,but rather
�t a singleslope(or a polynomialone)for theentire



Figure6: Mosaicingfrom acameraonacirculartrajectory. 2D
alignmentshows (left) distortionsarounddepthdiscontinuities
(girl' shead),which disappearwith EPI analysis(right).

(a) (b)

Figure7: Mosaicingfrom a translatingcamera.Most of the
motion distortionscausedwhenusing2D imagealignment(a)
disappearwhenusingtheproposedtimewarping(b).

slice.

� We useonly the precedingandsucceedingframes,
asa continuousstitchingis moreimportantthanan
accurateslope.

Whenthe imagestripsaresmall, no scalingwasneeded
to producecontinuousresults(Seefor exampleFig. 5).

6 Examples
The examplesin Fig. 4 andin Fig. 5 weretaken from

a moving car, wherein Fig. 5 thecamerahadsubstantial
vibrations. The differencesbetweenthe mosaicimages
obtainedby . / imagealignmentandthemosaicimages
obtainedby time warpingis evident.

The sequenceshown in Fig. 6 wastaken by a camera
mountedona panningtripod.

The sequenceshown in Fig. 8 wastaken by a camera
mountedon a freely rotating tripod, asdemonstratedin
Fig.1(d).

7 Discussion
Distortionscanbeobservedin themosaicimagescre-

atedby our method,suchas the thinning of the mobile

phonein Fig. 7(b). Thesedistortionsarenot dueto inac-
curaciesin motioncomputation,but aremostlyunavoid-
able in mosaicingfrom translatingcameras,giving the
pushbroomprojection.In this case,closeobjectsbecome
thinnerandfarawayobjectsbecomewider in themosaic.

The main advantageof our approachrelative to 2D
imagealignmentis being depth invariant. As a result,
the mosaicscreatedusing time warping are consistent
for eachdistance,while in 2D alignmentanobjectmight
changeits geometry, ashappenedfor theheadin Fig.7(a).

The depthinvarianceis mostrelevantwhensynthesis-
ing new viewpoints. Objectschangeviewing direction
whenourmethodis used,but shrinkandexpandwhen2D
alignmentis used.Depthinvarianceis alsoessentialwith
2D cameramotion. Frameswhich were taken far apart
in time canbeneighborsin the resultingmosaic.There-
fore, only depthinvariantmethodswill have a chanceto
succeedwhen the camerapathcoversareasof different
depths.

8 Concluding Remarks
Most applications of mosaicing with image-based

alignmentareusedonly for purelyrotatingcamerasor for
aerial images,assumingthat ego-motioncomputationis
toocomplicatedandunstable.In thiswork weexpandthe
applicationareasof mosaicingto restricted,but verycom-
mon, cameratranslations.In suchcasesthe ego-motion
computationcanberepresentedin thespace-timevolume,
andis shown to besimpleandelegant.Wefurtherpropose
thatour depthinvariantalignment,alongwith thespace-
time representation,can also be usedin view synthesis
applicationsandgenerationof panoramicstereoimages.
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(c) Theresultingpanoramicmosaicusingtimewarping.

(a) (b) (c)

Figure8: 2D mosaicingwith a cameramoving on thesurfaceof a sphereasdemonstratedin Fig.1.d.
(a) Using2D imagealignment.Visible distortionsin foregroundandbackground.(b) UsingproposedEPI alignment.Distortions
aresubstantiallyreduced.Therespective Voronoidiagramandthecameracentersareplottedin (c).
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